We prove equivariant Riemann-Roch formulae for algebraic curves over perfect fields. Our work generalizes similar results proved by the second author for curves over algebraically closed fields.
Introduction
Let X be a smooth, projective, geometrically irreducible curve over a perfect field k and let G be a finite subgroup of the automorphism group Aut(X/k) . For any locally free G -sheaf E on X , we are interested in computing the equivariant Euler characteristic χ(G, X, E) := [H 0 (X, E)] − [H 1 (X, E)] ∈ K 0 (G, k), considered as an element of the Grothendieck group K 0 (G, k) of finitely generated modules over the group ring k [G] . The main example of a locally free G -sheaf we have in mind is the sheaf L(D) associated with a G -equivariant divisor D = P ∈X n P P (that is n σ(P ) = n P for all σ ∈ G and all P ∈ X ). If two k[G] -modules are in the same class in K 0 (G, k) , they are not necessarily isomorphic when the characteristic of k divides the order of G . In order to be able to determine the actual k[G] -isomorphism class of H 0 (X, E) or H 1 (X, E) , we are therefore also interested in deriving conditions for χ(G, X, E) to lie in the Grothendieck group K 0 (k[G]) of finitely generated projective k[G] -modules and in computing χ(G, X, E) within K 0 (k [G] ) . This equivariant Riemann-Roch problem goes back to Chevalley and Weyl, who described the G -structure of the space of global holomorphic differentials on a compact Riemann surface. Ellingsrud and Lønsted found a formula for the equivariant Euler characteristic of an arbitrary G -sheaf on a curve over an algebraically closed field of characteristic zero. Nakajima and Kani independently generalized this to curves over arbitrary algebraically closed fields, under the assumption that the canonical morphism X → X/G be tamely ramified. The second author has recently found a formula that does not need this last assumption and also provides new proofs for the results mentioned before (cf. [Kö1] , [Kö2] ). In this paper, we concentrate on the case where the underlying field k is perfect, which includes in particular all algebraically closed fields, all fields of characteristic zero and all finite fields.
Our first result, see Theorem 2.7, describes χ(G, X, E) in terms of the rank and degree of E , the genus of the quotient curve Y = X/G , the order of G and of the higher ramification groups G P,s , P ∈ X , s ≥ 0 , and the representation of the inertia group I P on the fibre E(P ) and on the cotangent space m P /m 2 P for P ∈ X . This equivariant Riemann-Roch formula coincides with Theorem 3.1 in [Kö2] when k is algebraically closed and in fact can be derived from this theorem by tensoring our formula with the algebraic closurē k over k and using various folklore facts from Algebraic Geometry and Representation Theory. All this is explained in the first two sections of this paper. It is well-known that a finitely generated k[G] -module M is projective if and only if M ⊗ kk is a projectivek[G] -module. In Section 3 we give variants of this fact for classes in K 0 (G, k) rather than for k[G] -modules M . These variants are much harder to prove and form an essential tool for the proof of our main results in Section 4. The first results in Section 4 give both sufficient and necessary conditions under which χ(G, X, E) lies in the image of the Cartan homomorphism c :
More precisely, when E = L(D) for some equivariant divisor D = P ∈X n P P , this holds if the canonical projection π : X → X/G is weakly ramified and n P + 1 is divisible by the wild part e w P of the ramification index e P for all P ∈ X . When π is weakly ramified we furthermore derive from the corresponding result in [Kö2] the existence of the so-called ramification module N G,X , a certain projective k[G] -module which embodies a global relation between the (local) representations m P /m 2 P of the inertia group I P for P ∈ X . If moreover D is an equivariant divisor as above, our main result, Theorem 4.6,
here Cov means taking the k[I P ] -projective cover and f P denotes the inertia degree. In order to show that the left hand side is 'divisible by f P ' we apply a prototype of Theorem 4.6 to certain equivariant divisors D . If π is tamely ramified we furthermore consider two situations where we can give a local proof of this divisibility result, yielding a more concrete description of W P,d , see Proposition 4.7. One of these two situations includes the case when k is finite. This case will be used in a forthcoming paper by the first author to give an application of our main theorem in Coding Theory.
Preliminaries
The purpose of this section is to fix some notations used throughout this paper and to state some folklore results used later, giving proofs for the most important ones. Throughout this section, let X be a scheme of finite type over a field k , and letk be an algebraic closure of k . For any (closed) point P ∈ X , let k(P ) := O X,P /m P denote the residue field at P . Then k(P ) is a finite extension of k , by Hilbert's Nullstellensatz.
Definition 1.1. We call the fibred productX := X × kk the geometric lifting of X . The canonical projectionX → X will be denoted p throughout this paper.
Remark 1.2. The projection p is flat (because it is obtained by base extension from the flat morphism Speck → Spec k ). Furthermore, on any affine subset U = Spec A of X , p is induced by the canonical homomorphism A ֒→ A ⊗ kk , and since A ⊗ kk is an integral extension of A , p is a closed morphism. p is in general not of finite type, but in dimension 1 it has an "unramifiedness" property, as we will see later. Since the property "being of finite type" is stable under base extension,X is a scheme of finite type overk . Notation 1.3. We write |X| , |X| for the set of closed points in X ,X respectively.
The following is a well-known, easy-to-prove result which we will be using frequently.
Lemma 1.4. Let P ∈ |X| . Mapping every point Q ∈ p −1 (Q) to the homomorphism k(P ) → k(Q) ∼ =k induced by p on the corresponding residue fields yields a bijective map
In particular, we have #p
, which is finite, and equality holds if k(P )/k is separable.
Let now G be a finite subgroup of Aut(X/k) . Since the homomorphism
is injective, which is easy to check, we may view G as a subgroup of Aut(X/k) . Since the elements of G act on the topological space of X as homeomorphisms, they must map closed points to closed points. Hence G also acts on |X| , the set of closed points in X . Analoguously, G acts on the set |X| of closed points inX . Notation 1.5. We denote the Grothendieck group of all finitely generated k[G] -modules (i.e. finite-dimensional k -representations of G ) by K 0 (G, k) , as opposed to the notation R k (G) used by Serre in [Se2] .
is a free group generated by the classes of simple k[G] -modules. As the equivalence classes in the Grothendieck group are defined via short exact sequences, the exact functor "tensoring withk over k " from the category of k[G] -modules to the category of k[G] -modules induces a homomorphism
of the corresponding Grothendieck groups. Lemma 1.6. The homomorphism β above is injective.
Proof. See [Se2] , Section 14.6. Definition 1.7. A locally free G-sheaf (of rank r ) on X is a locally free O X -module E (of rank r ) together with an isomorphism of O X -modules v σ : σ * E → E for every σ ∈ G , such that for all σ, τ ∈ G , the following diagram commutes:
If E is a locally free G -sheaf of finite rank, then the cohomology groups H i (X, E) ( i ∈ N 0 ) are k -representations of G . If moreover X is proper over k , then the H i (X, E) are finitedimensional and vanish for i >> 0 (see Theorem III.5.2 in [Ha] ). Definition 1.8. If X is proper over k , and E is a locally free G -sheaf of finite rank, then χ(G, X, E) :
is called the equivariant Euler characteristic of E on X .
Lemma 1.9. Let E be a locally free O X -module. Then for every i ∈ N 0 we have a natural isomorphism 
Proof. Follows from Proposition III.9.3 in [Ha] .
Definition 1.10. Let X , G as above, and let P ∈ |X| or P ∈ |X| . We define the decomposition group G P and the inertia group I P as follows:
Hereσ denotes the endomorphism that σ induces on k(P ) .
Lemma 1.11. For all Q ∈ |X| , we have G Q = I Q and G Q = I P , where
Proof. The first equality is obvious; the second equality can be shown using the 1-1 correspondence between the set Mor k (Speck, X) ofk -rational points on X and the set Mork(Speck,X) ofk -rational points onX .
In the following lemma, we will assume for the first time that the field k is perfect, i.e. that all finite algebraic extensions of k are separable. This ensures that the residue field k(P ) at any closed point P ∈ |X| is a separable extension of k .
Lemma 1.12. Assume that k is perfect. Let F be a coherent sheaf on X , and let F := p * F . Let P be a point in X , and let F (P ) be the fibre of F at P . Then the canonical homomorphism
is an isomorphism. In particular, the canonical homomorphism
is an isomorphism.
Proof. It follows from Galois theory that for any separable finite field extension k ′ /k , the homomorphism
is an isomorphism. Since k is perfect, this implies that the canonical homomorphism
is an isomorphism, which proves the assertion for the case F = O X . For the general case, let U = Spec A be an affine neighourhood of P and m the prime ideal representing P as a closed point of U . Then the pre-image of U under p :X → X is isomorphic to the spectrum ofĀ := A ⊗ kk . By Lemma 1.4, P has finitely many pre-images under p . We will denote the corresponding prime ideals ofĀ by n 1 , . . . , n l . In this notation, we have
Analoguously, for every Q ∈ p −1 (P ) with corresponding prime ideal n i , we have
Since F is coherent, F | U is the sheafF on U = Spec A associated to some A -module F (cf. Proposition II.5.4 in [Ha] ), and we have
The restriction of the pullbackF := p * F to the affine subset p −1 (U) = SpecĀ is the sheaf (F )˜associated to the moduleF := F ⊗ kk (by Proposition II.5.2 in [Ha] ), and the following analogue of (3) holds for Q ∈ p −1 (P ) with corresponding prime ideal n i :
Hence we have canonical isomorphisms
/n i ) (by the special case)
Proposition 1.13. Assume that k is perfect. Let Ω X/k be the sheaf of relative differentials of X over k . Then for every point P ∈ |X| , the canonical map
Proof. We use the same "affine" notation as in the proof of Lemma 1.12 above, replacing the coherent sheaf F by Ω X/k . The restriction of Ω X/k to the affine subset U = Spec A is the sheaf associated to the module Ω A/k of relative differential forms of A over k (cf. Remark II.8.9.2 in [Ha] ). Thus Formula (3) yields
Furthermore, we will use that
We now apply a result from [Ku2] taking as input two local rings, denoted R, S respectively, with a ring homomorphism R → S . In our case, we take R := k and S := O X,P = A m with maximal ideals (0), mA m , respectively. Then the corresponding residue fields are k and k(P ) , respectively. The field extension k(P )/k is separable (since k is perfect), so by Corollary 6.5 in [Ku2] , the canonical sequence
is exact. By Corollary 5.3 in [Ku2] , Ω k(P )/k is trivial, so the second arrow in the above sequence is an isomorphism. We have Ω Am /k = (Ω A/k ) m , so the object in the middle is equal to Ω A/k ⊗ A A/m = Ω X/k (P ) , which proves our assertion.
In Lemma 1.12, we have made relatively weak assumptions on the sheaf F . If we require F to be a locally free G -sheaf, then for every point P ∈ |X| , this additional structure yields an action of the inertia group I P on the fibre F (P ) by k(P ) -automorphisms. For example, the action of I P on the fibre Ω X (P ) of the canonical sheaf corresponds to the obvious action on the cotangent space m P /m 2 P via the isomorphism from Proposition 1.13. By letting I P act trivially onk , we can extend this action to an action on the tensor product F (P ) ⊗ kk . On the other hand, since I Q = I P for any point Q ∈ p −1 (P ) by Lemma 1.11, I P acts on the fibre G(Q) of any locally free G -sheaf G onX for any point Q ∈ p −1 (P ) . In particular, this holds if G = p * F for a locally free G -sheaf F on X .
Hence we have an I P -action on both sides of the isomorphism shown in Lemma 1.12, and it is easy to check that the following holds:
Lemma 1.14. Remark 1.15. We also have an action of the decomposition group G P on any fibre F (P ) , but G P only acts on the fibre via k -automorphisms, whereas I P acts via k(P ) -automorphisms. G P does act k(P ) -semilinearly on the fibre, that is, for any σ ∈ G P , a ∈ k(P ) and x, y ∈ F (P ) we have σ.(ax + y) = (σ.a)(σ.x) + σ.y , whereσ denotes the automorphism of k(P )/k induced by σ .
A first equivariant Riemann-Roch formula
In this section, we are going to prove a formula for the equivariant Euler characteristic χ(G, X, E) as defined in the previous section, in the case where X is a smooth, projective curve over a perfect field. We do not make any assumptions on the ramification of the cover X → X/G , meaning that we have to take into account the higher ramification groups, which we introduce in this section. Let X be a smooth, projective curve over a perfect field k. Assume further that X is geometrically irreducible, i.e. that the geometric liftingX = X × kk is irreducible. Then the curve X itself is irreducible. The following lemma reveals that although the canonical morphism p :X → X is usually not of finite type, it can be thought of as an "unramified" morphism in the common sense.
Lemma 2.1 (Unramifiedness property of p ). Let Q ∈ |X| be a closed point, and let P := p(Q) . Then every local parameter at P is also a local parameter at Q .
Proof. Let t P be a local parameter at P . Then t P must be an element of m P \ m 2 P , so (the equivalence class of) t P is a generator of the one-dimensional vector space m P /m 2 P over k(P ) . Hence, t P ⊗1 is a generator of the rank-1-module m P /m 2 P ⊗ kk over k(P )⊗ kk . By Lemma 1.12, we have k(P ) ⊗ kk ∼ = Q∈p −1 (P ) k(Q) , so m P /m 2 P ⊗ kk is also a module of rank 1 over Q∈p −1 (P ) k(Q) generated by t P ⊗ 1 . By Lemma 1.12 and Proposition 1.13, we have a canonical isomorphism
which we can view as an isomorphism of modules over k(P ) ⊗ kk ∼ = Q∈p −1 (P ) k(Q) . Since this isomorphism must map t P ⊗ 1 to a generator of the right-hand side over
e. the image of t P under each induced homomorphism p Q : O X,P → OX ,Q must be a local parameter at Q .
Let now G be a finite subgroup of Aut(X/k) , as in Section 1. It is a well-known result that the quotient scheme Y := X/G is also a smooth projective curve, with function field
G . The canonical projection X → Y will be called π .
Definition 2.2. Let P ∈ X be a closed point, R := π(P ) ∈ Y . For s ≥ −1 , we define the s-th ramification group G P,s at P to be the s -th ramification group of the extension K(X) v P /K(Y ) v R of completed function fields (see for example Definition 10.1 in Chapter II in [Nk] ). In particular, we have G P,−1 = G P and G P,0 = I P (Theorem 9.6 and Theorem 9.9 in Chapter II of [Nk] ). The canonical projection π : X → Y is called unramified (tamely ramified, weakly ramified) if G P,s is trivial for s ≥ 0 (s ≥ 1, s ≥ 2) and for all P ∈ X .
Remark 2.3. The obvious analogue of the above Definition is used for closed points on X , and we have
Notation 2.4. We denote the ramification index of π at the place P by e P , its wild part by e w P and its tame part by e t P . In other words, e P = v P (t π(P ) ) = |G P,0 | , e w P = |G P,1 | and e t P = |G P,0 /G P,1 | . Proposition 2.5. Let Q ∈ |X| be a closed point, P := p(Q) ∈ |X| . Then for every s ≥ 0 , we have G Q,s = G P,s . In particular, we have e P = e Q , e Proof. Lemma 1.11 and Remark 2.3 yield that
Let now σ be an element of G P,0 = G Q,0 . Using the alternative characterization of higher ramification groups given by Proposition 5 in Chapter IV in [Se1] as well as the unramifiedness property of p (Lemma 2.1), it is easy to show that σ belongs to G Q,s (with s ≥ 0 ) if and only if it belongs to G P,s . Proposition 2.6. If π is tamely ramified, then for any point P ∈ |X| , the character group Hom(I P , k(P ) × ) is cyclic of order e P (prime to P ) and generated by the group homomorphism χ P : I P → k(P )
× defined by the action of I P on the cotangent space
Proof. This follows from Proposition 7 and its Corollary 1 in Chapter IV in [Se1] .
Let now E be a locally free G -sheaf of finite rank r on X . Let n be the order of the finite group G . Note that since X is a curve, the equivariant Euler characteristic of E on X has the simple form
We denote the genus of X and the genus of Y by g X and g Y , respectively.
Theorem 2.7 (Weak equivariant Riemann-Roch formula). We have in K 0 (G, k) :
where
Note that if π is tamely ramified, then the sum over P ∈ X in the definition of the constant C G,X,E vanishes.
Proof of Theorem 2.7. For curves over algebraically closed fields, our result is already proven, see Theorem 3.1 in [Kö2] . We have seen (Lemma 1.9) that the injective homomorphism β :
Euler characteristic χ(G,X, p * E) of the pullback p * E on the geometric liftingX . Hence all we need to do to prove Theorem 2.7 show that β maps the right-hand-side of formula (6) (applied to X, E ) to the right-hand-side of formula (6) applied toX , p * E .
First of all, we show that C G,X,E = C G,X,Ē , i.e. that
wherer denotes the rank ofĒ . By Lemma 1.9, we have
Furthermore, we have rankĒ = rank E and degĒ = deg E ; to show the latter, one has to make use of the unramifiedness property of p . Using that G P,s = G Q,s (s ≥ 0) for any P ∈ |X| and any pre-image Q ∈ p −1 (P ) (Proposition 2.5), and that the number of such pre-images Q equals [k(P ) : k] (Lemma 1.4), we get the desired equality C G,X,E = C G,X,Ē . By Proposition 1.13 and Lemma 1.14, we have for every P ∈ |X| and every d ∈ {1, . . . e P } :
⊗d ask[I P ] -modules, whereĒ := p * E . Since G Q = I P (by Lemma 1.11) and k(Q) =k for every Q ∈ p −1 (P ) , and since induction of representations commutes with direct sums, this implies
(7) For any Q ∈ p −1 (P ) , we have e t P = e t Q , e w P = e w Q and e P = e Q by Corollary 2.5. Hence we have
This completes our proof.
A Cartesian diagram of Grothendieck groups
Recall that we have reduced Theorem 2.7 to the case of an algebraically closed underlying field by applying the map
to both sides of the formula. We will see below that the map β "conserves projectivity" in a strong sense. This will later enable us to use essentially the same proof technique for a 'projective analogue' of Theorem 2.7. 
, the functor also induces a homomorphism
of the corresponding "projective" Grothendieck groups. By Proposition (16.22) in [CR] , both homomorphisms β, α are split injections. Furthermore, the Cartan homomorphisms c : 
In other words, given a class
lies in the image of c if and only if β(C) lies in the image ofc .
Proof. The commutativity is obvious. Now consider the extended diagram (with exact rows) 0
where M = cok α , N = cok β , and f is the homomorphism M → N induced byc . By the Snake Lemma, there is an exact sequence of abelian groups 0 → ker c → kerc → ker f → cok c → cokc, the first two modules being trivial since c andc are injective. Since α is a split injection, M = cok α is free over Z , and therefore ker f must also be free over Z . On the other hand, by Theorem (21.22) in [CR] , we have |G| · cok c = 0 , so cok c is a torsion module. Using the exactness of the sequence above, this implies ker f = 0 . Therefore cok c is embedded in cokc . Any element of K 0 (k[G]) ∩ K 0 (G, k) maps to zero in cokc , hence in cok c , and therefore must be an element of
is the class of a projective k[G] -module if and only if β(C) is the class of a projectivek[G] -module.
Before proving Corollary 3.2, we will need to prove a few preliminary results on 
Then every indecomposablek[G] -module is isomorphic to someQ
ij . Further Q ij ∼ =Q i ′ j ′ implies that i = i ′ , i.e.
there is no overlap between the sets of indecomposablek[G] -modules which come from different indecomposable k[G] -modules.
Proof. This proposition is a variation of Theorem 7.9 in [CR] . In [CR] , the algebraic closurek is replaced by a finite algebraic extension E of k , and part (b) is stated for simple modules rather than for indecomposable projective modules. Using only elementary algebraic methods, it can be shown that there is a finite algebraic extension E/k such that every simplek[G] -module can be realized as a simple E[G] -module, i.e. every simplek[G] -module M can be written as M = N ⊗ Ek for some simple E[G] -module N . This suffices to derive part (a) from the result in [CR] . Furthermore, it is well-known that mapping every projective k[G] -module P to the k[G] -module P/ rad P gives a 1-1 correspondence between the isomorphism classes of indecomposable projective k[G] -modules and the isomorphism classes of simple k[G] -modules, whose inverse is given by taking k[G] -projective covers. We can thus deduce our proposition from the result in [CR] , using that projective covers are additive (by Corollary 6.25 (ii) in [CR] ) and commute with tensor products (by Lemma 3.4 below). Proof. Assume that f : P → M is a projective cover. By Corollary 6.25(i) in [CR] , this is equivalent to saying that ker f ⊆ NP , where N := rad k [G] . Applying the exact functor − ⊗ kk , we obtain that kerf ⊆ (NP ) ⊗ kk . By Proposition 3.3(a), for every simple k[G] -module S , thek[G] -module S ⊗ kk is semisimple. By Theorem 7.9 in [CR] , this implies that
Hence we have
By Corollary 6.25(i) in [CR] , this implies thatf is a projective cover.
Proof of Corollary 3.2. The "only if" direction is obvious. For the "if" direction, we note first of all that if C is a class in K 0 (G, k) and β(C) is the class of a projectivek[G] -module, then Proposition 3.1 yields that C can be viewed as a class in
Hence it suffices to show the "if" direction for classes C ∈ K 0 (k[G]) , replacing the homomorphism β by its restriction α . Let {P 1 , . . . , P s } be a set of representatives of the isomorphism classes of indecomposable k[G] -modules, and let
) can now be written as a Z -linear combination of the classes [P i ] , and this linear combination is a proper sum if and only if C is the class of a projective module. Suppose that C is not the class of a projective module, i.e. without loss of generality,
Now Proposition 3.3 yields that the indecomposable modules Q ij appearing in the first sum are all different from those appearing in the second sum, so α(C) is not a proper sum of the classes [Q ij ] . Therefore α(C) cannot be the class of a projectivek[G] -module.
The following well-known variation of Corollary 3.2 can be derived directly from Lemma 3.4. 
The equivariant Euler characteristic in terms of projective k[G]-modules
In this section, we are going to see that the equivariant Euler characteristic of any locally free G -sheaf on X lies in the image of the Cartan homomorphism c :
For the more general case where π is weakly ramified, we give both a necessary and sufficient condition for the equivariant Euler characteristic to lie in the image of c , provided that the G -sheaf in question has rank 1 (comes from a divisor). Under this condition, we state equivariant Riemann-Roch formulae in the Grothendieck group of projective k[G] -modules. We make the same assumptions and use the same notations as in section 2. In particular p denotes the projectionX = X × kk → X . Additionally, letπ denote the canonical projectionX →Ȳ :=X/G = Y ⊗ kk , and letp denote the projectionȲ → Y . We have the following commutative diagram:
If π is tamely ramified and E is a locally free G -sheaf on X , then the equivariant Euler characteristic χ(G, X, E) lies in the image of the Cartan homomorphism c :
Proof. Follows directly from Theorem 1 in [Na] .
(a) If π is weakly ramified and n P ≡ −1 mod e w P for all P ∈ X , then the equivariant Euler characteristic χ(G, X, L(D)) lies in the image of the Cartan homomorphism c :
) is projective, then π is weakly ramified and n P ≡ −1 mod e w P for all P ∈ |X| .
Proof. If k is algebraically closed, the theorem coincides with Theorem 2.1 in [Kö2] . We can deduce the general case using the following facts:
• Write p * D = Q∈|X| n Q Q . Then by Lemma 2.1 and Proposition 2.5, we have n Q = n p(Q) and e w Q = e w p(Q) for all Q ∈ |X| , and hence n P ≡ −1 mod e w P for all P ∈ |X| if and only if n Q ≡ −1 mod e w Q for all Q ∈ |X| .
• By Proposition 2.5, π is weakly ramified if and only ifπ :X →Ȳ is weakly ramified.
•
• By Lemma 1.9 and Proposition 3.1, χ(G, X, L(D)) lies in the image of c if and
) lies in the image ofc .
• Let i ∈ {0, 1} . By Lemma 1.9 and Lemma 3.5,
The following theorem generalizes Theorem 4.3 in [Kö2] and will be used in the formulation of the (main) Theorem 4.6. We refer the reader to page 1101 of the paper [Kö2] for an account of the nature, significance and history of the 'ramification module' N G,X and for simplifications of formulae (9) and (10) when π is tamely ramified.
Theorem 4.3. Let π be weakly ramified. Then there is a projective
where Cov denotes the
where E denotes the G -equivariant divisor E := P ∈X (e w P − 1) · P .
Proof. Theorem 4.3 in [Kö2] yields that there is a projectivek[G] -module N G,X such that
and that the class of N G,X is given by
whereĒ is the G -equivariant divisorĒ := Q∈X (e w Q − 1) · Q . SinceĒ = p * E (by Lemma 2.1 and Proposition 2.5), this is the image of the class
under β . Hence, we can apply Corollary 3.2 to see that C is the class of some projective
Here we have used that e t P = e t Q , e w P = e w Q , I P = G Q if Q ∈ p −1 (P ) . We have also used the additivity of projective covers (Corollary 6.25(ii) in [CR] ) and the additivity of induction (Proposition 10.6 in [CR] ). Lemma 1.14 now yields that
-modules, and hence
since we have Ind Notation 4.4. For any P ∈ X , we denote the inertia degree [k(P ) : k(π(P ))] by f P .
Lemma 4.5. For every point R ∈ Y , the number of pre-images of R under π is equal to n e P f P , where P is any point in π −1 (R) . In particular, if the base field k is algebraically closed, then the number of pre-images is
Proof. This follows from the fundamental equation of valuation theory (cf. Chaper II, §9 in [Nk] ). 
(b) Let D = P ∈X n P · P be a divisor on X with n P ≡ −1 mod e w P for all P ∈ X . For any P ∈ X , we write n P = (e w P − 1) + (l P + m P e t P )e w P with l P ∈ {0, . . . , e t P − 1} and m P ∈ Z . Furthermore, for any R ∈ Y , fix a point
Proof. We first show that under the preconditions of (b), the following holds in the Grothendieck group with rational coefficients
With suitably chosen divisors D , this will then be used to show part (a), together with which it obviously implies part (b). For curves over algebraically closed fields, formula (13) coincides with Theorem 4.5 in [Kö2] . We have seen (Lemma 1.9) that the injective homomorphism
, and by Theorem 4.2, both of these Euler characteristics lie in the image of the respective Cartan homomorphisms. Hence, by the injectivity of α and of the Cartan homomorphism, it suffices to show that β maps every summand of the right-hand side of formula 12 (applied to X, D ) to the corresponding summand of the right-hand side applied toX, p * D .
From the proof of Theorem 4.3, we see that
Then we have (by Lemma 2.1 and Proposition 2.5) n Q = n P , e P = e Q , e t P = e t Q and e w P = e w Q if Q ∈ p −1 (P ) . This also implies that l Q = l P and m Q = m P if Q ∈ p −1 (P ) . For any S ∈ |Ȳ | , fix a pointS ∈π −1 (S) . Then we have
and
which proves fromula (13). We now prove part (a). Let P ∈ X be a closed point. For d = 0 , the statement is obvious because (m P /m 2 P ) 0 is the trivial one-edimensional k(P ) -representation of I P , so it decomposes into f P copies of the trivial one-dimensional k(R) -representation of I P , where R := π(P ) . Hence we only need to do the inductive step from d to d + 1 , for d ∈ {0, . . . , e t P − 2} . If π is unramified at P , then e P = 1 , so there is no d ∈ {0, . . . , e t P − 2} . Hence we may assume that π is ramified at P . Set H := G P , the decomposition group at P . Then H is a finite subgroup of Aut(X/k) , so we can define the chain of ramification subgroups of H at any point Q ∈ |X| , which we denote H Q,s for s ≥ −1 . Let π ′ denote the projection X → X/H =: Y ′ . It follows directly from the definitions that we have H Q,s = G P ∩ G Q,s for every s ≥ −1 and every Q ∈ |X| . In particular, if π is weakly ramified, then so is π ′ . For Q = P , we get H P,s = G P,s for all s ≥ −1 ; in particular, the ramification indices and intertia indices of π and π ′ at P are equal.
Let now D := Q∈|X| n Q · Q be the H -equivariant divisor with coefficients By the induction hypothesis, the sum from n = 1 to d in this formula is divisible by f P in K 0 (k[H]) ; hence the remaining fractional term In the proof of Theorem 4.6(a), we have used a global argument to show the divisibility of Ind
⊗(−d) )) by f P . This tells us very litte about the structure of the summands W P,d , which leads to the question whether one could find a "local" proof for the divisibility. In two different situations, the following proposition provides such a proof, yielding a concrete description of W P,d .
Proposition 4.7. Assume that π is tamely ramified and let P ∈ |X| and d ∈ {1, . . . , e Note that since every Galois extension of a finite field is cyclic, the first part of this proposition gives a "local" proof of Theorem 4.6(a) for the important case where π is tamely ramified and the underlying field k is finite. Proposition 4.7 can be deduced from the following purely algebraic result. Note that, in this result, we don't use the notations introduced earlier in this paper; when Proposition 4.8 is being applied to prove Proposition 4.7, the fields k and l become the fields k(π(P )) and k(P ) , respectively, the group G becomes G P and V becomes (m P /m 2 P )
⊗(−d)
which is viewed only as a representation of I P (and not of G P ) in Theorem 4.6(a).
Proposition 4.8. Let l/k be a finite Galois extension of fields. Let G be a finite group, and let I be a cyclic normal subgroup of G , such that G/I ∼ = Gal(l/k) , i.e. we have a short exact sequence 1 → I → G → Gal(l/k) → 1.
Let V be a one-dimensional vector space over l such that G acts semilinearly on V , that is, for any g ∈ G, λ ∈ l, v, w ∈ V , we have g.(λv + w) =ḡ(λ)(g.v) + g.w , whereḡ denotes the image of g in Gal(l/k) . 
